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Abstract 

The paper develops the Finsler-hke geometry on the 1-jet space for 
the jet conformal Minkowski (JCM) metric, which naturally 
extends the Minkowski metric in the Chernov-Pavlov framework. To 
this aim there are determined the nonlinear connection, distinguished 
(d-) Cartan linear connection, d-torsions and d-curvatures. The field 
geometrical gravitational and electromagnetic d-models based on the 
JCM metric are discussed. 
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1 Introduction 

It is obvious that our genuine physical intuition distinguishes four dimen- 
sions in a natural correspondence with the material reality. Consequently, 
the four dimensionality plays a special role in almost all modern physical 
theories [9, 16, 17]. 

On the other hand, it is a well known fact that, in order to create Rel- 
ativity Theory, Einstein used Riemannian geometry instead of classical Eu- 
clidean geometry, the first one representing a natural mathematical model 
for local isotropic space-time. Although the use of Riemannian geometry 
was indeed a genial idea, there are recent studies of physicists that suggest 
a non-isotropic perspective of space-time. For example, in Pavlov's works 
[15, 16, 17], the concept of inertial body mass emphasizes the necessity to 
study local non-isotropic spaces. For the study of non-isotropic physical 
phenomena, Finsler geometry proves to be adequate and proficient as ma- 
thematical framework. 
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Recent studies of Russian scholars (e.g., Asanov [1], Garas'ko [7] and 
Pavlov [8], [15]) emphasize the importance of Finsler geometry, which is 
characterized by the total equality in rights of all non-isotropic directions. 
For such a reason, in their works is underlined the important role played in 
theory of space-time structure and gravitation (as well as in unified gauge 
field theories) by the m-root metric ([18, 3, 5]) 

L-.TM^R, L{x,y) = ai,i,...i^{x)y^^t^ ...y^^ . 

It is known that the 1-jct fibre bundle is a basic object in the study of 
classical and quantum field theories (Olver, [14]). For these geometrical and 
physical reasons, the present paper is devoted to the construction on the 1- 
jet space J^(R, M'^) of the Finsler-like geometry (together with the extended 
gravitational and electromagnetic geometrical models) for the jet conformal 
Minkowski (J CM) metric F : J^(M, M^) R, defined by^ 

F{t, X, y) = e^(^) • ^/hJ^ ■ ^y\yl + vlvl + vlvi + vlvl + vlvt + vlvt (1-1) 

where a{x) is a smooth non-constant function on M^, h}^{t) is the dual of 
the Riemannian metric hi\{t) on R and 

(t,x,y) = (^,x^x^x^,x^,y|,yl,2/l,|/^) 

are the coordinates of the 1-jet space J^(]R, M^). These transform by the 
rules: 

BtP (it 

t = t{t), xP = xP{xi), f^ = —-^.yl, p,q=l,A, (1.2) 
where di/dt and rank {dxP /dx'^) = 4. 

Remark. It is easy to verify that (as emphasized in the recent studies [6] 
and [15]) the geometrical object 

Gn(y) =^ y\y\ + ylyf + y\y\ + yfyf + yfyf + y\y\ (1.3) 

is a quadratic form in y = (yj, yf, yf, yi), whose canonical form is the 
Minkowski metric. Namely, denoting a; = (x-*^, x^, x^, x^), x = {x^ , x^ , x^ , x^) 

^In the following we shall reduce the domain of the constructed geometric objects in 
order to ensure their existence and, where this is required, their srnootliiK'ss. As well, we 
shall implicitly use throughout the work the Einstein convention of summation. 
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and A 



/ i/VE -i/\/3 1 -1/Vg \ 
i/Ve 2/^3 -i/Ve 

1/^6 3/\/6 
V -l/\/3 -1 -1/V6 / 

X the invertible linear coordinate transformation 



if we apply on the product manifold 



then in the induced coordinates (i, x,y) on J^(M, M*^), we have = A ■ ^y, 
and the JCM Finslerian metric (1.1) has the particular form, 

F{t, X, y) = e-(^ • • • ^J{ylf-{yl)'-{ylf-{y^f■ 

The distinguished (d-) jet framework ([10, 12, 1, 2]), which involves spe- 
cific geometric objects as canonical nonlinear connection, Cart an canonical 
linear connection, d-torsions, d-curvatures, and their related extended grav- 
itational and electromagnetic geometrical models produced by an arbitrary 
jet Lagrangian function 

L : J^(M,M'') M, 

was completely treated in recent works of the authors of this paper ([4, 13]). 
We point out that geometrical ideas from these works are similar, but dis- 
tinct, from those promoted by Miron and Anastasiei in the classical La- 
grangian geometry on tangent bundle ([10]). Namely, the case of the present 
framework was initially stated by Asanov in [2], and further generalized in 
[12] by the second author of this paper. 

In the sequel, we apply the general geometrical results from [4] and [13] 
to the particular jet conformal Minkowski-metric (1.1). 



2 The canonical nonlinear connection of the model 

Let (M, hii (t)) be a Riemannian manifold, where M is the set of real numbers. 
The Christoffel symbol of the Riemannian metric hu (t) is 

xi\ = ^^, where = (M^^ > 0. 

Let also M"^ be a manifold of dimension four, whose local coordinates are 
X = {x^,x^,x^,x^). These manifolds produce the 1-jet space J^(M, M^), 
whose local coordinates are {t; x; y), where y = (y}, yf, yf, yf )• 
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Let's consider on J^(M, M^) the JCM metric (1.1), whose domain of 
definition consists of all values (t; x; y) which satisfy the condition Gu (y) > 
0, where Gu is given by (1.3). If we use the notation 

S[i]i = yl+yl + yf+yt, 

then the following relations are true: 

def dGii ■ 

dy( dy\dy{ 

where 5ij is the Kronecker symbol. Obviously, the homogeneity of degree 2 
of the "y-function" Gu (which is in fact a d-tensor on J^(M, M^)) leads to 
the equalities: 

Ga2/i = 2Gii, Gijy\y{ = 2Gu. 
By direct computation, we get 

Lemma 2.1. a) The fundamental metrical d-tensor produced by the JCM 
Finslerian metric F is given by the formula 

hn{t) d^F^ 
..•(^,-,y) = ^-^, 

which in our case leads to 

2a{x) 

5i,(a^) = ^-(l-<^i,), (2.1) 

and the matrix g = {gij) admits the inverse g"^ = {g-''^), whose entries are 

r)„-2a{x) , , 

^\-) = -^-^ (l - ^5^') . 
b) The divergence of the g -diagonal vector field on M 



4 



has the expression 

divDcr = (Tl + (T2 + <T3 + (T4, 

where ui = da/dx^ . 
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Hence, using the general results from [13], we yield: 

Proposition 2.2. For the conformal JCM metric (1.1), the energy action 
functional 



K{t,x{t)) 



J a J a 

= f e^'^(-) {y\yl + vlvl + vlvt + vU + vU + vlvt) h^'^hT^dt, 



where y = dx/dt, produces on the 1-jet space J^(M, M^) the canonical 
nonlinear connection 



(2.2) 



where 



jii) 



N>:{. = a,y\ + amyTS] + 



(Tj - - divDa 

o 



Proof. The Euler-Lagrange equations of the energy action functional E are 



+ 2i7g^ (t, x^yl) + 2Gg, {t, x\ y\) =0, 2/? = (2-3) 



where we have the local geometrical components 



' Tjii) def 1 1 , . i 



G 



'(1)1 

(i) dej hug 

(1)1 



ik 



-V 

4 [dx'^dyf^ dx^ ' dtdy\ 
dyf 



0-i - ^ div Da 



■G 
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which determine a semispray on the 1-jet space J-'^(R, M^). Its associated 
canonical nonlinear connection has the general form [11, 13]) 



^^^(1)1 - ^-"(1)1 - ^ii2/i' -'^(i)j 



dG 



(1)1 



dyi 



□ 
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3 Cartan canonical linear connection, d-torsions 
and d-curvatures 

The canonical nonlinear connection (2.2) is essential in constructing the 
dual adapted bases of distinguished (d-) vector fields 

and distinguished covector fields 

[dt ■ dx' ■ 5y\ = dy\ - >c\^y\dt + ivg/x^'} C X*{E), (3.2) 

where E = J^(]R, M^). Note that, under a change of coordinates (1.2), 
the elements of the adapted bases (3.1) and (3.2) transform as classical 
tensors. Consequently, all subsequent geometrical objects on the 1-jet space 
J^(M, M^), like Cartan canonical linear connection, torsion, curvature etc., 
will be described in local adapted components. 

In this respect, using a general result from [13], by direct computations, 
we have the following 

Proposition 3.1. The Cartan canonical T-linear connection, produced by 
the jet conformal Minkowski metric (1.1), has the following adapted local 
components: 

CV = (xi\, = 0, L%, Cjjij = O) , (3.3) 

where 

L% = 6iak + Siaj + (1 - Sjk) <Ti - divD,. 

Proof. Using the local derivative operators (3.1) and the general formulas 
which provide the adapted components of the Cartan canonical connection 
([13]), we get 

' rik — g*"" ^9mj _ p. j i _ g'"^ ( Sgjm. I (5gfc^ Sgjk \ 

□ 
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dN. 



(i) 
1)J 



which, 



Remark. It is straightforward to check the relation L*^ — , 

(i) 

considering the homogeneity of degree 1 of the local functions , leads 
to 



dN, 



(3.4) 



Proposition 3.2. The Cartan canonical V-linear connection CV of the jet 
conformal Minkowski metric (1-1) has a single effective local torsion d- 
tensor, namely 



R 



where, using the notations 



cr. 



(/radcj = (cJi, (T2, (73, (T4) , H^raficTll 

- an + a2i + (T3j + (74j 



/ ^- r, \ d{divD. 



we have 



ijk 



+ (1 - 6ij) {aik - aiUk) - (1 - 5ik) (crij - aiOj) + 
+^ ( divDcr) (cTfc - aj + 6ikaj - Sijak) + 



(3.5) 



+ 



grada\\^ — - { divD^)^ 



1 

+ 3L 



5{ - 5] + 5ik5) - %(5i) + 
( divDa)j - ( divD^)j^ + 5ij ( divDa)^ - ^ik ( divDa)^ 



Proof. A general ^-normal F-linear connection on the 1-jet space J^(M, M^) 
is characterized by eight effective d-tensors of torsion ([13]). For our Cartan 
canonical connection (3.3), these reduce only to one (the other seven cancel): 



il) 



5N, 



(0 
(i)i 



5N, 



(i)fc 



5x^ 



6x3 



Using now the expressions of the derivatives 5/6x^, formula (3.4) and the 
y-independence L*^ = U-j^{x), we find 

o(0 _ mi p 
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where 

n3rl ^^ik I j-r rl _jrjl 

Finally, laborious computations lead to the expression (3.5) of the d-tensor 



Proposition 3.3. The Cartan canonical V-linear connection CV of the jet 
conformal Minkowski metric (1-1) has a single effective local curvature d- 
tensor, namely 

r>l _ nil 
^ijk •^ijk^ 

where ^Ij^ is given by (3.5). 

Proof. A general /t-normal F-linear connection on the 1-jet space J^(M, M^) 

is characterized hy five effective d-tensors of curvature ([13]). For our Cartan 
canonical connection (3.3), these reduce only to one (the other four cancel), 
namely 



I def rrri _Trrl , rW 



Sx^ 


5x'j 








Sx^ 




dLik 


dx^ 


dx^ 



+ ^ij^rk ^ik^rj - 



I Tr tI Ti" ff}^ 

-^ij-^rk ^ik-^rj —-^ijk- 



□ 



4 Geometrical field model produced by the jet 
conformal Minkowski metric 

4.1 Gravitational- like geometrical model 

Prom a geometric-physical point of view, on the 1-jet space J^(M, M^), 
the jet conformal Minkowski metric (1.1) produces the adapted metrical 
d-tensor 

G = hiidt 0dt + Qijdx^ (g) dx^ + h^^gij5y\ (g) 6y{, (4.1) 

where gij is given by (2.1). This may be regarded as a "non-isotropic grav- 
itational potential". In such a "physical" context, the nonlinear connection 
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r (used in the construction of the distinguished 1-forms 6y\) prescribes, 
probably, a kind of "interaction" between (t)-, (x)- and (y)-fields. 

We postulate that the non-isotropic gravitational potential G is governed 

by the geometrical Einstein equations 

Ric (Cr) - ^^-^^^G =/Cr, (4.2) 

where Ric (CT) is the Ricci d-tensor associated to the Cartan canonical 
connection CT (in Riemannian sense and using adapted bases), Sc (CF) 
is the scalar curvature, K is the Einstein constant and T is the intrinsic 
stress-energy d-tcnsor of matter ([10, 4]). 

In this way, working with the adapted basis of vector fields (3.1), wc can 
find the local geometrical Einstein equations for the metric (1.1). Firstly, 
by direct computations, we find: 

Lemma 4.1. The Ricci d-tensor of the Cartan canonical connection CT of 
the metric (1-1) has a single effective local Ricci d-tensor, namely 



Rij = —2{aij - aiaj) + 



I -Si 



3A(7 + 6\\grada\ |^ - 2 ( divD^f - 6 



(4.3) 



where 



Act = ail + (^22 + 0-33 + <744, ® = XI ^pi' 

p,q=l 

Proof. A general /i-normal F-linear connection on the 1-jet space J^(M, M^) 
is characterized by six effective Ricci d-tensors ([13]). For our Cartan canon- 
ical connection (3.3), these reduce only to one (the other five cancel): 

7? • • 7?™ = 

Then, a direct computation gives the expression (4.3) of the Ricci d-tensor 
Rij . □ 



Lemma 4.2. The scalar curvature Sc (CT) of the Cartan canonical con- 
nection CT of the jet conformal Minkowski metric (1-1) is given by 



R = ie 



-2a 



3A(7 + 3 II gradaW"^ — ( divDf^)^ — & 



(4.4) 
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Proof. The general formula for the scalar curvature of the Cartan connection 
reduces to ([13]) 

Sc (Cr) gPiRpg := i?, 
where R is given by (4.4). □ 

By describing the global geometrical Einstein equations (4.2) in the 
adapted basis of vector fields (3.1), we find the following important geo- 
metrical and physical result ([13]): 

Proposition 4.3. The local geometrical Einstein equations that govern 
the non-isotropic gravitational potential G (produced by the jet conformal 
Minkowski metric (1-1)) are given by: 

R 

Rij - -^9ij = ^Tij, (4.5) 
-Rhii = 2]CTiu = Tii, = 7Ii, = 7^1 

(4.6) 

Remark. The Einstein geometrical equations (4.5) and (4.6) impose that 
the stress-energy d-tensor of matter T be symmetric. In other words, the 
stress-energy d-tensor of matter T must satisfy the local symmetry condi- 
tions 

Tab = Tba: V {l, i, g}. 

Moreover, we must "a priori" have the equality: T^^^j^hu = gijTuh^^. 

By direct computations, the geometrical Einstein equations (4.5) and 
(4.6) imply the following identities of the stress-energy d-tensor:^ 

h'^Tu = 0, TT '= g'^'Tri = I (g'^'^Rri - |<Jr) , 

r^w « = 0, r;;?.!^) =^ /^ii^^T^?;^ = -^sr, 

(i) i(j) ' (i)(t) J-^y (r)W 2/C 



^Summing over both indices m,r is assumed in (4.9), over r in (4.7), and over m in 
(4.8) and (4.10). 
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Consequently, the following local identities for the stress-energy d-tensor of 
matter hold good: 

'l/l 'l|m '(1)1 l(m) - 'l/l - 2}C 6t 

7-1 iq-m 1 -7-("»)|(l) _ n-m _ J_ ( „mr r> . _ ^xm\ 
'i/1 + 'i\m + '(l)i l(m) - 'i\m ~ X: V 2 * / | (^•^) 

^l(l) , ^m(l) ^(m)(l)|(l) _^(m)(l)|(l) _ 1 dR 
' (i)/l+ ' (i)|m+ '{l){z) \{m) - '{l)iz) km) 



21c dy\ 



where 



^1 dej STi 1 ^1 1 _ 6T1 def STJ^ in-rrm _ n 

'1/1 - + '1 ^11 ~ '1 ^11 - 'l|m - J-^^ + '1 -^rm - U, 

^(m)|(l) de/ ^'(1)1 _ 1 <ie/57; ^11 _ 

'(1)1 km) - -^-m- - li/l - -Sf+'i''n- U, 

„_(m) 

.y-m def 51J^ _--rmrr --Am) <{1) de/ {l)i _ 

'i\m ^^m 'i rm 'r ^im^ ' (l)i \{m) Qytn 

xq-^W an-im){l) 
^l(l) def '^1 {i) 1(1) 1 _ T-(m)(l)|(l) <ie/^^V)(0_ 

' »/l ~ 5t (i)^ll-U, l(^) - , 

rj-m{l) 

^(1) tfe/ (i) ^(1) y„ _^{l)jr _n /^QX 

' (i)|m ~ ^^m ' (i) -^'■"1 ' (r) "^im - i^^-yj 

Taking into account that we have the y-independence R = R{x), we obtain 
the following result: 

Corollary 4.4. The stress-energy d-tensor of matter T must verify the 
following conservation geometrical laws: 



'1/1 ~ ^' 'i\rn ~ 



T> 

„mr r> A" 

9 Rri- -^Oi 



7;(7)W|W -0. (4.10) 

(l)(i) l(m) ^ 



\m 

4.2 Related electromagnetic model considerations 

In the paper [13] an electromagnetic geometrical model was developed, 
based on a given Lagrangian function L{t, x, y) on the 1-jet space J^(R, M"). 
In the background of our electromagnetic geometrical formalism from [13], 
we work with an electromagnetic distinguished 2-form^ 

¥ = F'^^.5y\Adx^, 



■^We implicitly assume that the Latin letters run from 1 to ri; as well, we further denote 
by A{i^j} - the alternate sum, and by ■ ^.j - the cyclic sum. 
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where 



p(i) 



2 



The electromagnetic components F^^^^^. satisfy the following Maxwell geomet- 
rical equations [13]: 



D 



(1) 

mi 



-^(i)m'^jl +%)(m)"(l)lj 



2 -^{^ { 



{i,j,k} {i)j\k 

. Z^{i,j,k}^(i)j\{k) 
where 



' 4 ^{hj,k} ^^li 



"^Hib' (i)fc 



p 
2/1 > 



D 



(1) 
(i)i 



5i 



D 



^(1)(1) 



(1) _ 

(m) 



(m) 



D 



(1) 



and we have 



piW Tm 

-^(m)l-^jj' 



il i/^mrk r^k rm 



Sx^ 



(i)i/i 



7(1) 
(i)j\k 



(5 a; 



{m)j^ik {i)m^jk 



-^(i)m'^jl' 



ml ij ' 



{m)j i{k) 



{i)m j{k) 



Example. The Lagrangian function that governs the movement law of a 
particle of mass m ^ and electric charge e, which is displaced concomi- 
tantly into an environment endowed both with a gravitational field and an 
electromagnetic one, is given by 



L{t,x^yf) = mch'^it) ^,j{x') y\y{ + -A^t^x'^) y\ + :F{t,x'), (4.11) 



2e 



m 
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where the semi-Riemannian metric <fij{x) represents the gravitational po- 
tential of the space of events M, A^^j{t,x) are the components of a d-tensor 
on the 1-jet space J^(W,M^) representing the electromagnetic potential and 
J-{t, x) is a smooth potential function on the product manifold M x M. It 
is important to note that the jet Lagrangian function (4.11) is a natural 
extension of the Lagrangian (defined on the tangent bundle) used in elec- 
trodynamics by Miron and Anastasiei [10]. In our jet Lagrangian formalism 
applied to ( 4.11), the electromagnetic components are given by ([13]) 

^(1) ^ ^ ( ^^(») _ ^) 

(^)-' 2m I dx^ dx^ 

and the second set of Maxwell geometrical equations reduce to the classical 
ones [13]: 



(1) _o 
(t)j\k - ^' 



where 



(1) 



{i)J\k Qxk 'ik ^ (i)m 'jk' 



This fact suggests, in our opinion, applicative credibility for our extended 
electromagnetic geometrical model. 

On our particular 1-jet space J^{R,M'^), the jet conformal Minkowski 
metric (1.1) (via the Lagrangian function L = F'^) produces the electromag- 
netic 2-form which due to (3.4) trivially vanishes 



F = 0. 



In conclusion, the jet conformal Minkowski extended electromagnetic geo- 
metrical model constructed on the 1-jet space ji(M,M'^) is trivial. Namely, 
in our jet geometrical approach, the jet conformal Minkowski electromag- 
netism, produced only by the metric (1.1) alone, leads to null electromag- 
netic geometrical components and to tautological Maxwell-like equations. In 
our opinion, this fact suggests that the jet conformal geometrical structure 
(1.1) of the 1-jet space J^(R, M^) is suitable for modeling gravitation rather 
than electromagnetism. 
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